4/19/2001 MA401 Complex Andysis Name:_Solution
Dr. Lunsford Test 2 (100 Points Totd)

|. Finddl valuesof (- 4+ 4\/§i)1/3 in a+ bi form (round & and b to two decima
places please). Graph these roots on the axes provided below. (10 points)

(-4 +4\/§i Y3 = (8e' @73 2PM3 'n = 0,1,2, thusthe roots are
153+1.29 (n=0), - 1.88+.68i (n=1), and.35- 1.97 (n=2)
A6

Il Given the complex function f (z) = zcos —9 please answer the following. (10
g
points total)

a  Find the Laurent series expansion for T about zero. (7 points)

¥ ( n\n-2n -1 -3 -5
=gz _, 22, 2" ",
% (2n)! 2 4 e

b. Indicatethevauesof C,, C;, and Res( f,0) from the Laurent seriesfound in part
(a) above. (3 points)

C,=0,c,=1 Res(f,0)=c,=-1/2

1. Without computing the values, plot the 6™ roots of unity on the complex plane

below. Clearly identify theroots (you may cdl them I, I,, etc.) and show the angle
between the roots. (6 points)

Y our picture should show the six roots of unity evenly spaced a angles of 60" apart on
the unit drde startingat Z =1..

. . _ sin(2 . .

IV. Giventhefunction f (2) —ﬁ, please answer the following. (10 points
Z(Z-1

total)
a Findthe order of thepoleat Z =1 (you must justify your answer). (5 points)
: : snz . :
lim(z- i)? ——= =-sini * 0, therefore the order of the polea Z = i istwo.
2®i z°(z-1)

b. Find Res( f,0). (5poaints)



snz

First notethat f hasapoleof order oneat zerosince limz—————=-11 0.
2®0  7°(z- 1)

Sincethe poleis of order one this same limit dso give the resdue. Hence

Res(f,0)=-1.

V. Evauaetheintegrals over theindicated curves. For each problem clearly indicate
what theorem(s) you use and why you know you may use the theorem(s). Please draw
pictures to hep darify your ideas!! (8 points each — 64 pointstotal)

3

a @Z?_ZTle,WhereGisthedosedwrvegivenby |z-i|=1/4.

Firt note that the closed curve Gonly containsthe zero Z =1 of z° +1. We can use
ether the Residue Theorem or Cauchy’s Integrd Formula

| A z° L o
Residue Theorem: ?mdz—Zpl Res(22 +1,0) =2pi(-1/2) =-pi
®z 0o
Lz Sz+iy e o .
Cauchy’s Integral Formula: @sz=@7_dz=2pl —=-pi
sZ +1 s Z-1 g. +1 g

1
b. € dz, where G isthe closed curve givenby |z |= 3.
GO£2+22+2 2]

The zeros of the polynomid Z° + 2z + 2 are - 1+ i . Both of these zeros arein the
interior of the closed curve. We can use the Residue Theorem (or the Extended
Deformation Theorem aong with the C.I.LF). | will only show the use of the Residue
Theorem here:

1 : 1 : 1 :
. dz=2pi(Res(————,- 1+i) + Res(————,- 1- i
60£2+22+2 Pi( (zz+22+2 ) (zz+22+2 )

Now,

Res(——~  -1-i)= lim (z-(1-1) 1
242242 11 (2 (-1- D)(Z- (-141)) 80 (z- (-1+1))
1

= : — = 1_ andsmilaly ReS(————,- l+i):£_. Thus
(-1-1)-(-1+1) -2 Z°+2z+2 2i

1 .
A dz=2pi(1/2i-1/2) =0
GO? +27+2



(F0s(62)dz, where G isthe straight line segment from i to - i .
G
Since €0S(62) has a continuous antiderivativeon C then

CPOS(6Z)dZ = _id:os(6z)dz = %(si n(- 6i)- sin(6i)) = ——— (s ghG)i

2

d. Oidz where G isthe dosed curve givenby | z|=1.
canz

The dlosed curve contains only the zero Z = Qof SN Z(Note: SN Z hasinfinitdy many
zeros!). We cannot use the C.I.F. here, we must use the Residue Theorem:

2

SI nz
Note that since Z = Qisazero of order one (i.e. the integrand has a pole of order one at

2 .
Z +1 .
zero), we havetha Res(——,0) =1.

SNz

e. 03038 _dZ where Gisthe dosed curvegivenby | z- 1+ 2i [=1.
Zg

Thefunction COS? 9 Is differentiable everywhere but zero. However, zero is not
ZQ
contained in the interior of the closed curve. Thuswe can find asmply connected open

set on which the function is differentiable and that contains the closed curve. Thus by
Cauchy’s Integrd Theorem thisintegrd is zero.

—\2 .
f. dz) dz, where Gisthecircle of radius 2 traversed once about the point | .

We will need to resort to using the definition of complex integration. First we
parameterize the closed curve asfollows: G(t) = i+ 2€",0£ t £ 2p . Next wenote

that G(t) = i+ 2€' = -ji +2e" and G'(t) = 2i€"dt which gives
2p
dz) dz— -i+2e")*de"dt = 2 0( d'- 4i + 4e'")dt =16p
- cos(z)

O(sz, where G isthe dlosed curvegivenby | Z|=3



Wewill usethe C.I.F. for higher order derivatives (you can dso use the Residue Theorem
but be careful to note that the pole at \/E I isof order 3).

f’%(’z:%i £@ (W i) where f(2) =cos(z?).

Now, f?(2) =-2sin(z?) - 42°cos(Z) and f @ (JJp i) =-4p

. cos(Z° _ ,
Thus O(z-S(—\/p—i))?’dZ_ -4p?i

. 3+7
h. ——0z, where Gisthe circle of radius 2 traversed once about the origin.
cz+i)z
This function has two poles, one of order one at zero and one of order two a - 1. By the
Residue Theorem we have

2 2 2
®3+7de: 2p i(Res(ng—Z i) + Res((zsjﬁ,

. — 0
S(z+i)z (z+i)’z )
Sincethe pole a zero is of order one we will compute the resdue there first:

2 2
Res(—>TZ_ 0)=lim—=12

(z+i)2z" " 200 (z+i)?
and sincethepoleat - | isof order two we have:
3+z22 .. 1. ,d,.1 . >
Res(————,-1)==Ilim(— (32" +2))=lim(- 3z +1) =4
iz ) =g imee, (2 + 2) =lime )
3+7

Thus @ ———dz=2pi(4- 3) = 2pi

S(z+i)’z



